We investigate heterotic string-type model-building for the recently-proposed fractional superstring theories. We concentrate on the cases with critical spacetime dimensions four and six, and find that a correspondence can be drawn between the new fractional superstring models and a special subset of the traditional heterotic string models. This allows us to generate the partition functions of the new models, and demonstrate that their number is indeed relatively limited. It also appears that these strings have uniquely natural compactifications to lower dimensions. In particular, the D c = 6 fractional superstring has a natural interpretation in four-dimensional spacetime.
INTRODUCT
It is generally accepted that string theory i a realistic hope of unifying all forces and mat provides an attractive solution to the problem o and general relativity. To date, the only know the superstring theory [1] and the closely-relat one of the significant problems involved in sup spacetime dimensions is the existence of a mult these string theories allow. This lack of uniquen have critical dimension D = 10; in order to have spacetime dimensions, one must therefore choo scheme for these six extra dimensions or represe in terms of arbitrarily chosen additional worl many ways in which this can be done, resulti classical vacua. It is presumed that some dyn argument might be used to select the vacuum c physical world, but at present such approaches
Recently, however, a new approach to sup model-building has been proposed. [3] Rathe string/heterotic framework, the fundamental of string theory called the fractional superstri the critical spacetime dimension directly. Suc only serve as a more natural starting-point fo but hopefully also lead to a smaller and thereby more compelling set of selfconsistent classical vacua. The basic idea behind the fractional superstring is to replace the traditional right-moving worldsheet supersymmetry found in heterotic strings with a right-moving worldsheet fractional supersymmetry parametrized by an integer K R ≥ 2. Such a fractional supersymmetry relates worldsheet bosons not to fermions but rather to worldsheet parafermions, and one finds that the corresponding critical dimension of such a string theory is D = 2 + 16/K R for K R ≥ 2 (fractional supersymmetry), 26 for K R = 1 (no supersymmetry).
(1.1)
The case K R = 1 (D = 26) corresponds to the traditional bosonic string, and K R = 2 (D = 10) corresponds to the traditional super-or heterotic string. The new theories are those for which K R > 2, and we see that by choosing the cases K R = 8 (D = 4) or K R = 4 (D = 6), we can obtain significantly lower critical dimensions. For these cases we can therefore expect a smaller set of classical vacua and hopefully a more natural description of the physical world.
These fractional superstring theories are indeed natural extensions of the K R = 2 superstring theories, and it is straightforward to relate the two in terms of their underlying worldsheet physics. For the traditional superstring theory, it is well-known that the underlying worldsheet structure is closely related to the SU (2) 2 Wess-Zumino-Witten (WZW) theory: [4] the worldsheet superpartner of the spacetime coordinate X µ is a Majorana fermion ψ µ , and this fermionic theory can be simply described by the WZW coset SU (2) 2 /U (1). Setting the remaining U (1) boson to an appropriately chosen radius reproduces the full 3 SU (2) 2 WZW theory, yet if we relax the rad ity, we can interpret this boson as the spacetim this decompactification procedure destroys the model, but its superconformal symmetry survi theory. The fractional superstring theory has and is related in precisely the same way to th theories for K ≥ 2. The general coset theories S parafermion theories, [5, 6] and we once again o field X µ by decompactifying the remaining W usual supercurrent for K > 2 is a new current [7] equivalently, spin) is (K + 4)/(K + 2); these n tional spin, and (as we shall see) transform X the energy operator in the parafermion theory to this remaining worldsheet symmetry as a metry, and to the strings based on these worl superstrings. Because the corresponding fract non-local on the worldsheet, [8] the analysis for tially more involved than for the simpler, local as we shall see, concrete progress can indeed b
In this paper we shall assume the underly superstring and concern ourselves primarily wit that such fractional string theories allow; othe derstanding the underlying Fock-space structur scattering amplitudes, examining the ghost system and developing a no-ghost theorem, are actively being pursued. Our approach, therefore, is to examine this space of models by studying the allowed partition functions that such models might have; in this way we are able to obtain a number of interesting results.
First, we demonstrate that the fractional superstring partition functions are straightforward generalizations of the traditional (K L , K R ) = (2, 2) superstring and (1, 2) heterotic string partition functions, and we explicitly develop a general procedure for constructing modular-invariant partition functions for our new models which are consistent with N = 1 spacetime supersymmetry.
Second, and perhaps more importantly, by focusing much of our attention on the (K L , K R ) = (1, 8) and (1, 4) heterotic-type fractional superstring models, we find that we are able to make direct correspondences between these models and the traditional (1, 2) models; these correspondences are possible because both theories are built from identical bosonic left-moving sectors. These correspondences afford us a means of generating what we believe to be valid (1, K R )-type fractional superstring models, and we present a number of concrete examples with critical spacetime dimensions four and six.
Third, our correspondences suggest that only traditional (1, 2) models with a maximal number of spacetime supersymmetries can be related to fractional
(1, K R ) models (which were themselves constructed with N = 1 spacetime supersymmetry). This result therefore severely constrains the space of fractional superstring models in D = 4 and D = 6, confirming our expectation that the number of allowed models is indeed relatively small.
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Finally, we discuss an intriguing feature wh perstring theories: quantum mechanics, loca gether seem to intrinsically select certain "na which these fractional superstring theories mu ural" dimensions are even smaller than their that our theories themselves seem to induce su achieve Lorentz invariance. These compactifica tional string theories, are not at all arbitrary, a K = 4 fractional superstring has a "natural" in spacetime. It turns out that this compactifi afford us with a means of building models cont mental representations of relevant gauge group All of our results therefore not only lend c string idea, but may also, we hope, serve as t model-building program. In particular, the co arise from very general principles, and thus sho of (K L , K R ) fractional superstring theories in dimensions.
Our goals in this paper are two-fold: not on discussed above, but we also aim to provide a original fractional superstring idea than was gi paper is somewhat lengthy; its organization is a a self-contained introduction to the fractional how this approach forms a natural generalization of the traditional superstring approach. We then in Sect. III proceed to survey the algebraic forms we expect partition functions to have for a general (K L , K R ) string theory: for K = 1, 2
we present known models which will play a role in later sections, and for other values of K we introduce the parafermionic string functions [9] and discuss how they enter into the new total partition functions of (K L , K R ) models. We also demonstrate that spacetime supersymmetry can be incorporated for these models by choosing these string functions in certain linear combinations, and present a number of important new string-function identities. In Sect. IV we then turn our attention to the heterotic (1, K R ) theories, ultimately deriving various "dictionaries" relating these models to the traditional (1, 2) models. We illustrate the use of these dictionaries by obtaining a number of new fractionalsuperstring models in D = 4 and D = 6, and in Sect. V we discuss precisely which traditional models may be "translated" with these dictionaries. In this way we observe an expected truncation in the size of the space of fractional superstring models relative to that corresponding to traditional superstring models in D < 10, reflecting the fact that these new models are indeed in their critical dimensions. We close in Sect. VI with our discussion of various further issues in fractional superstring model-building, among them the creation of (1, 4) models with chiral fermions and the necessity of compactifying or interpreting the (1, 4) models in four spacetime dimensions. As we will see, these issues are intimately connected, and we expect the dictionaries we derive in Sect. IV to be easily generalizable to these cases as well. In Appendix A we gather together various definitions and properties of the parafermion characters 7 (or string functions) which play an important r Appendix B we prove an assertion made in Sec
FRACTIONAL SUPERSTRINGS
In this section we provide a self-contained introduction to the fractional superstring theory as a natural generalization of the traditional superstring and heterotic string theories. We also review, where necessary, some relevant features of the underlying Z K parafermion theories, originally constructed by Zamolodchikov and Fateev. [5] As outlined in Sect. I, the basic idea behind the fractional superstring is to modify the worldsheet symmetry in such a manner as to obtain a correspondingly smaller critical spacetime dimension. In order to do this, let us begin by considering the general SU (2) K WZW theory. [4] As is well-known, this theory consists of primary fields Φ j m (z) which can be organized into SU (2) representations labelled by an integer j, where 0 ≤ j ≤ K/2 and |m| ≤ j with j − m ∈ Z (for simplicity we are considering only the holomorphic components). Since SU (2) always has a U (1) subgroup which can be bosonized as a free boson ϕ on a circle of radius √ K, we can correspondingly factor these primary fields
Here ϕ is the free U (1) boson, and the φ j m (z) are the primary fields of the coset
theory. This coset theory is the well-known Z K parafermion the-9 ory, ⋆ and these fields φ j m are the corresponding weights (or conformal dimensions):
The fusion rules of these parafermion fields φ j m theory:
where r ≡ min(j 1 +j 2 , K−j 1 −j 2 ) and where the fields φ 
see that the parafermion stress-energy tensor T para (z) ≡ T SU(2)K (z)−T ϕ (z) and the parafermion currents ψ i , i = 1, 2, ..., K − 1 form a closed algebra, namely, the Z K parafermion current algebra.
Note that ψ 1 acting on a field φ j m increases the m quantum number by one but does not change the SU (2) spin j. Specifically, we can perform a mode-expansion for ψ 1
where d is a fractional number and the conformal dimension of A d+n is −(d+n);
the A † mode-expansion for the ψ † 1 field can be handled similarly. In (2.5), of course, the value of d must be chosen appropriately for the particular parafermion field on which ψ 1 (z) is to operate, e.g., for consistency we must choose a ψ 1 moding with d = (2m + 1)/K when operating on φ j m . We thus have
where n are integers. There is also another special field in the parafermion theory, namely the energy operator ǫ ≡ φ 1 0 ; operating on a field φ j m with ǫ preserves the m quantum number but yields sectors with j quantum numbers j + 1, j, and j − 1. Specifically, performing a mode-expansion for ǫ as in (2.5) and choosing d as indicated below, we find the actions of its modes: In fact, the symmetry remaining after the b than simple conformal symmetry. We can see following way. Let us construct the current [7] J ≡ ǫ ∂X + : ǫ where ǫ(z) is the energy-operator field and wher uct (and is in fact a parafermion descendent o For K ≥ 2, of course, the field ǫ has conformal
and it can be shown that the normal-ordered ter ∆ :ǫǫ: = 1 + ∆ ǫ . This is a non-trivial fact, implyi
: ǫǫ : appears in the ǫǫ operator product expansion as follows:
Thus, for K ≥ 2 the currentĴ in (2.8) has conformal dimension (or equivalently, spin):
On the worldsheet this currentĴ forms a closed algebra [8] with T (z), where
is the stress-energy tensor of the decompactified boson field X plus that of the Z K parafermion theory. Thus we see thatĴ indeed generates an additional worldsheet symmetry which we refer to as a fractional worldsheet supersymmetry. Note that for K > 2 the dimensions ∆ ǫ and ∆Ĵ are not simple half-integers. Thus, our underlying worldsheet (Ĵ , T ) algebra is non-local, with Riemann cuts (rather than poles) appearing in the various OPEs. Note that this (Ĵ , T ) algebra is merely the simplest algebra that can be constructed. For other fractional-superstring applications, this (Ĵ, T ) algebra can indeed be extended to include additional currents.
In order to achieve a sensible interpretation for a D-dimensional spacetime, we associate the decompactified bosonic field X with a single spacetime coordinate and tensor together D copies of the (X, φ j m ) (or boson plus Z K parafermion) theory. We therefore obtain the fractional supersymmetry current For a general closed string theory, the gr both arise from the same right-moving excitat in that they are tensored with dissimilar left-m our requirement simply becomes a requiremen demand that this state exist (i.e., satisfy the physical-state conditions) and be massless. For a graviton or spacetime vector particle in a string theory with arbitrary K ≥ 2, this state is
where |p R is the right-moving vacuum state with momentum p, ζ µ is a polarization vector, and where ǫ . The same argument then applies.) Thus, requiring the state (2.14) to be massless, we find in general that the vacuum state |p in (2.14) must have vacuum energy VE = −v = −2/(K + 2). This information can also be stated in terms of the fractional superstring character χ(q). In general the character has a q-expansion of the form
where q ≡ exp(2πiτ ), τ is the complex modular parameter of the torus, and where a n is the number of propagating degrees of freedom at mass level M 2 = n.
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We thus see that the fractional superstring cha
where inside the parentheses all q-powers are n
The only remaining non-trivial physical-st is
where J n are the modes of the fractional sup can indeed be shown [3] 
PARTITION FUNCTIONS FOR FRACTIONAL SUPERSTRINGS
Having thus presented the underlying basis for the fractional superstring theories, we turn our attention to the partition functions that these theories must have. We begin by reviewing the generic forms of these partition functions, and start with the known K = 1 and K = 2 cases to establish our notation and conventions. We will see, once again, that the K > 2 string theories have partition functions whose forms are straightforward extensions of those of the traditional cases. This will therefore permit us to write the partition functions for all of the (K L , K R ) theories we shall consider in a common language.
Traditional String Theories
The first case to consider, of course, is the pure bosonic string; since there is no left-moving or right-moving worldsheet supersymmetry, we may refer to this in our new fractional superstring language as the (K L , K R ) = (1, 1) case.
As discussed in Sect. II, the critical spacetime dimension for this string theory is D = 26, and thus this theory contains 26 bosonic worldsheet fields X µ , each of which contributes to the total one-loop partition function a factor
Here η(τ ) is the well-known Dedekind η-function, and τ ≡ τ 1 + iτ 2 is the torus modular parameter. Note that this factor is explicitly real because the left-
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and right-moving components of each boson co already seen that only D − 2 = 24 transverse d is evident in a light-cone gauge approach), our
(1, 1) string is therefore of the form
where we have defined ∆ ≡ η 24 . Note that the we will denote k, is in general given by
where D is the number of spacetime dimension These fermions, we recall, can be described in our new viewpoint as simply the fields of the SU (2) 2 /U (1) Ising model, and we are free to group pairs of these where ϑ represents one of the well-known Jacobi ϑ-functions defined in Appendix A. ⋆ Since the contributions of right-moving fields are the complexconjugates of those of left-moving fields, the total partition function for the ⋆ Which particular ϑ-function is appropriate depends on the boundary conditions assigned to the fermion as it traverses the two cycles of the torus. Only periodic or antiperiodic boundary conditions will yield the Jacobi ϑ-functions, but if a fermion is chosen to have periodic/periodic boundary conditions then its zero-modes cause the total partition function to vanish identically.
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(2, 2) string therefore takes the form 
Note that we continue to have k = −4 from each factor in this partition function, in agreement with (3.3). As examples of (3.6) which will be relevant later, we can look at those known (1, 2) D = 10 theories (or models) which have spacetime supersymmetry. As is well-known, [2] there are only two such self-consistent models: these have gauge groups SO(32) and E 8 ⊗E 8 . Their partition functions respectively are as follows:
where we have made the following definitions which we will use throughout:
Note that the partition functions (3.7) are indeed of the form (3.6), with the holomorphic parts factorizing into group characters to reflect the underlying group structure. The quantity J in (3.8) is of course the Jacobi factor, and the spacetime supersymmetry of these models (or equivalently, the vanishing of their partition functions) arises from the identity J = 0. It is in fact a further 23 identity that
as a consequence of which the two partition f without use of the Jacobi identity J = 0.
It is straightforward to check the modula
(here k is the modular weight of f ). It then fol mation properties of the η and ϑ functions (se
Thus, K is itself modular-invariant (i.e., invar each partition function the other factors invo are) themselves modular-invariant as well.
It is also possible to construct self-consiste D < 10; one needs simply, for example, to re-in degrees of freedom or in some other manner hid (e.g., through compactification). We stress, however, that all such methods do not alter the underlying critical dimension away from 10; these theories remain theories of the (1, 2) variety. For example, one method of constructing (1, 2) models in D = 4 involves fermionization: each of the six extra left-or rightmoving bosonic degrees of freedom can, for example, be represented in terms of two free worldsheet Majorana-Weyl fermions (or a single free Weyl fermion).
[10]
The propagating field content for this four-dimensional ( 
Note that once again ( 
Since the "maximal" gauge group allowed in D dimensions is SO(52 − 2D), we see that this model is the D = 4 analogue of the D = 10 SO(32) model in (3.7).
We note for future reference that this idea can in fact be generalized to obtain (1, 2)-type theories in any spacetime dimension D ≤ 10. We in general 25 obtain the partition function form
where k is given by (3.3) and
Much of our work will be concerned with mode k = −2, n = 20, and n = 8. The "maximally sy SUSY has gauge group SO(40); its partition fu supersymmetric models we will be discussing,
Fractional Superstring Theories
The partition functions for fractional superstrings can be determined in precisely the same manner as above. Since we know the critical dimension D for a given value of K, we can readily deduce the forms that partition functions must take for general (K L , K R ) combinations. The factor contributed to the total partition function from each worldsheet boson is given, as before, by (3.1); recall that this factor includes the contributions from both holomorphic and anti-holomorphic (or left-and right-moving) components. The factor contributed by each worldsheet parafermion, however, is a generalization of (3.4);
in general we have each parafermion =⇒ η c (3.17)
(the above is for left-moving parafermions; right-moving parafermions contribute the complex-conjugate). Here η is the usual Dedekind function, and c schematically represents one of the so-called parafermionic string functions. [6, 9] These functions are defined in Appendix A, but for our present purposes we need record only the following facts. These functions c ℓ n may be defined in terms of q-expansions which depend on K as well as the two parameters ℓ and n, and one string function c 
the η-functions have cancelled between the bosonic and parafermionic contributions. Thus, in our cases of interest we obtain: 
Note that since ∆c = 8(3K − 2)/K = n [where n is the quantity defined in 29 (3.15)], the holomorphic part of this partition as we obtained in (3.14) for general spacetime to be expected; these left-moving sectors are b difference, however, is that the heterotic (1, K)
for all values of K.
For completeness, we should also note that case, to consider ( We shall discuss this latter possibility in Sect.
In fact, use of these parafermionic string f gether in a simple way all of the partition fun for the general (K L , K R ) theory in arbitrary d
value of K R , we have considered the two case traditional string theories as well as our new simply
where the L (KL) i are the contributions from the left-moving sectors and the
are from the right-movers. In the above formula k is always given by if the corresponding K = 1), then the general forms for the L i and R i can be given as follows:
We can easily check the special cases K = 1 and K = 2. For a (1, 1) theory
for D = D c this therefore reproduces (3.2), and for D < D c this reproduces the holomorphic part of (3.14) for the (1, 2) theory. Similarly, for
with the anti-holomorphic part of (3.14). Thus, (3.25) and (3.26) are indeed the most general partition function forms for the traditional as well as the fractional string theories, brought together in a natural way through our use of the parafermionic string functions.
In order to construct sensible partition functions having the above forms, it is first necessary to find suitable combinations of the string functions which can replace the c Dc−2 factors above. There are several requirements. First, we want 31 linear combinations which are tachyon-free: th
we must have a n = 0 for all n < 0. Second, spectrum of massless particles: this means tha corresponding to a massless sector in the lin a 0 = 0. Third, since we would like to use the ing heterotic partition functions, we must dem invariant under T 4 : τ → τ + 4 (this is becau expressions with which we will be dealing sha guage of (3.27), this means that a n = 0 for al modular-invariance for our total partition funct any set of linear combinations satisfying the a under S : τ → −1/τ . Finally, for a given K, we linear combinations each involve D c − 2 power K ≥ 2 this means that we require 16/K string we require 24.
It is clear that linear combinations satisfy exist for the K = 1 and K = 2 cases; for K = 1
⋆ This expression A 1 actually has a n = 0 f known result that the bosonic string cont and for K = 2 we can choose:
We note that in each of these cases only one linear combination is necessary to achieve closure under S and T , and we observe that A 2 = 0 as a consequence of the Jacobi identity J = 0. This is simply a reflection of the spacetime supersymmetry of the superstring. These two expressions have, of course, already been determined:
Similarly, it is possible to construct linear combinations satisfying all of the above constraints for the K = 4 and K = 8 cases as well. [3] These are as follows.
For K = 4 we have the two combinations: 3) case as well. [11] ] The transformation properties of these functions under
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S and T will be given in Sect. IV; in partic has a q-expansion of the form q h (1 + ...), whe exponents are non-negative integers and wher for B 4 and B 8 , and h = 3/4 for C 8 . Thus, particles can contribute to the these partition exist for the K = 16 case as well. [11] ) This resu can then serve as the mechanism by which any be made consistent with spacetime supersymm spacetime supersymmetry must therefore hav these Jacobi-like factors, and the K = 2 full Jacobi identity A 2 = 0 appears merely as the K = 2 special case of the more general identities for general even integers K.
We emphasize that such B and C sectors, necessitated by closure under [S] for the K = 4 and K = 8 theories, are completely new features arising only for the K > 2 fractional superstrings, and as such they are responsible for much of the new physics these strings contain. For example, not only do they lead (as we have seen) to multiple independent Jacobi identities, but they may also be responsible for self-induced compactifications of these strings. We will discuss this possibility in Sect. VI.
In fact, the Jacobi identity is not the only famous identity which generalizes to higher K. For K = 2, there is another well-known identity involving the η and ϑ-functions:
this identity relates the fermion characters ϑ i to the boson character η, and hence we may refer to this as a bosonization identity. It turns out [11] that 
DICTIONARIES FOR MODEL-BUILDING
Having established that spacetime supersymmetry can be incorporated by using the expressions (3.30) and (3.31), we now turn our attention to the construction of actual supersymmetric (K L , K R ) models. We focus our attention primarily on the heterotic (K L , K R ) = (1, 4) and (1, 8) cases, and construct a procedure for generating models in these classes. Our procedure involves "translating" or drawing correspondences between the (1, K) models and known (1, 2) models in D = 2 + 16/K, and we construct "dictionaries" which enable these translations to take place for a given K. We find that these dictionaries are intuitive and practical, and furthermore (as we will see in Sect. V) they yield substantially and understandably smaller spaces of (1, K) models than (1, 2) models in D < 10. In particular, we will find that only those (1, 2) models which have a maximal number of spacetime supersymmetries are translatable;
these are the models with N = N max SUSY, where We should point out that throughout this and the next section we will be focusing our attention on those (1, 2) models whose partition functions can be built from Jacobi ϑ-functions, in accordance with the presentation in Sect. III. This is indeed a broad class of models, but it is not all-inclusive. However, the dictionaries we will be developing for these models rest on very general principles, and we expect this dictionary idea to be equally applicable to other methods of (1, 2) model-construction as well. invariance of the total partition function Z therefore yields
or 
Similarly, under [T ] the A's have the transformation
where the matrices N (K) are
Proceeding precisely as above, we find the add
which in this case imply simply that each F i mu as does the corresponding A i . This is also clea
only if m − n ∈ Z. Since each A i has a q-exp ...) where inside the parentheses all powers of corresponding F i must take the same form wi the content of (4.12).
We now give a general procedure for obtain (4.4) which satisfy both (4.9) and (4.12). L case, after which the K = 4 case will be straig we consider the space F of polynomials in th
, and establi (ℓ = 0, ..., 3) in this space. These operators P ℓ
where f ∈ F is any polynomial in this space ℓ P ℓ = 1 and P ℓ P ℓ ′ = P ℓ δ ℓℓ ′ . These operator when operating on any f ∈ F, P ℓ selects out th f which have powers equal to ℓ/4 modulo unity -i.e.,
For example, if f = ϑ 2 2 ϑ 3 4 ϑ 4 8 , then
Let us also define (for the sake of typographical convenience) the operator
. Then our procedure is as follows. Choose an f ∈ F of the form ϑ 26−D , and calculate the quantity
If P 3 SP 3 f = 0, then up to one common scale factor the corresponding solution for the F 's is: 
is S-invariant, and we therefore re-ap process iterates until we have finally achieved a no P 1 -projection -i.e., which is preserved unde Since the i = 3 component of (4.9) tells us tha
we must correspondingly define Generating solutions for the K = 4 case is space F of polynomials to be that generated by for all f ∈ F), and consequently we need co operators P 0 and P 2 (since
whereupon we quickly have the solutions (up to a common scale factor)
Note that there were two reasons this K = 4 case was significantly simpler than the K = 8 case. First, for K = 4 we must demand P 1 f = P 3 f = 0 instead of the more difficult K = 8 constraints P 1 f = 0, P 3 f = 0; the presence of two zeroconstraints in K = 4 instead of only one allowed us to subsume them together into a restriction in the space F . Second, the matrix M (4) has no zero entries;
hence the F 's can always be found by simple projections and only their relative normalizations need be determined. In K = 8, however, we must further assert 
Since the internal gauge symmetry for such models is determined, as usual, by the left-movers, we can quickly identify this solution as corresponding to gauge 43 group SO(40), the largest allowed in six spa example, we start with f = 2β 3 (β 2 + γ 2 + δ 2 ): t γ 2 + δ 2 ) and the solutions
which (as we will see) can be identified with th
One can similarly construct partition function stance, starting with f = 2β 11/2 , we find (on ∆ −1 (β 11/2 + δ 11/2 ), which immediately leads t
Note that P 3 SP 3 f = 0, so this solution is ind solution corresponds to SO(44), the largest all
Dictionaries for Model-Construction
While thus far it has been quite straightforward to identify the gauge groups corresponding to our partition functions, we have been dealing only with the simplest of cases; furthermore, in principle almost any properly-chosen function f can serve in generating solutions, and we require a way to discern which of all possible solutions correspond to bona-fide fractional superstring models.
Toward this end we now develop a method for generating partition functions which we believe do precisely this in the heterotic (1, K) cases, and for which the underlying physics is substantially more transparent. Our approach rests on two fundamental observations. In the case of the heterotic (1, K) fractional superstring, we expect the same situation to prevail: we must determine those K = 1 left-moving sectors which are themselves internally self-consistent, and then we must join them with our (assumed self-consistent) K > 2 right-moving sector in such a way that modular-invariance is satisfied. Fortunately, the underlying physics of a K = 1 left-moving sector is well-understood; for example, descriptions of it in terms of lattices, orbifolds, or Fock-space spectrum-generating formulae abound. In particular, it is well-known how to construct valid (1, 2) models which satisfy all of the physical model-building constraints we have listed. Therefore, one might hope to be able to build valid (1, K) models by first building valid (1, 2) models, and then "replacing" their K = 2 right-moving sectors with our new K > 2 right-moving sectors in such a way that modular-invariance (the sole "linking" constraint) is not violated. Such a procedure would thereby guarantee, in the language of the previous subsection, a set of F i 's which themselves are known to correspond to valid K = 1 left-moving sectors.
It turns out that these arguments can be phrased directly in terms of a correspondence or "dictionary" between right-moving K = 2 physics and K > 2 physics, in the sense that they may be substituted for each other in this way when building models. At the level of the partition function (which has been the basis of our approach), this means that we are able to draw a correspondence between the respective Θ-functions of these right-moving sectors. For the K > it turns out that we can write
We therefore have This understanding is very important, for factor in the second line of (4.28). As we stated spacetime supersymmetry: the identity J = 0 r tion of spacetime bosonic states against spaceti factor of J, however, arises from exclusively i thus for this term the identity J = 0 represen tion between particles of the same spacetime same particle states). Thus, the last term in (4 whatsoever, and may be legitimately dropped.
for this (1, 2) model, or equivalently
where the two factors arising from the right-moving K = 2, D = 6 theory are
and where the two factors arising from the left-moving K = 1 SO(40) theory are: Additionally, this dictionary incorporates the spacetime supersymmetry of A 4
and B 4 in a natural way, allowing these expressions (which are themselves the "Jacobi identities" for K = 4) to correspond to expressions proportional to the spacetime factor J, the K = 2 Jacobi identity.
In fact, from this dictionary it is now clear that one cannot expect to factorize the string-function expressions A This dictionary allows us to easily gener models: we start with a known (1, 2) model com spacetime dimensions, and then make the "tra K = 4 right-moving sector. As examples, we c dimensional (1, 2) models whose partition func SO(24) ⊗ E 8 model is particularly simple to t case the analogue of (4.27) becomes We stress again, of course, that this dictio duplicate the results found earlier, for the gen previous subsection merely assures the creatio sions Z. It is the crucial fact that we can deri However, there does not exist a (1, 2) model ha tion. Our dictionary therefore enables us to con model which can be generated for this case.
In a similar manner, we can obtain the cor (D = 4). In four spacetime dimensions the m is SO (44), and the partition function of the (1 (3.13). It is a simple matter to rewrite
whereupon a quick comparison with the solu K = 8 dictionary:
where the factors from the right-moving K = 2
Note that it is extremely fortunate that the solu satisfying P 3 SP 3 f = 0, for if this solution had n could not have been built. Once again, we observe that this dictionary is self-consistent, with both sides of (4.41) having modular weight k = −1 and mixing identically according the matrices M (8) and N (8) as the valid representative partition-function contributions from self-consistent left-moving K = 2 sectors.
As in the K = 4 case, the J factors in (4.42) arise in the (1, 2) theory from spacetime-related degrees of freedom; the remaining factors, on the other hand, arise from purely internal degrees of freedom. However, unlike the K = 4
case, it would have been impossible now to obtain a complete GSO projection with these internal factors, for the analogous combination γ
is non-vanishing. Fortunately, the K = 8 theory provides three string-function expressions A 8 , B 8 , and C 8 to relate to our three R K=2,D=4 factors, so our K = 8 dictionary could nevertheless be constructed. It is indeed curious and fortuitous that the K = 4 and K = 8 theories provide exactly the needed number of independent string-function expressions with which to build supersymmetric fractional superstring partition functions.
57

MODEL TRANSLAT
In the previous section we established our they enable us to confirm whether the possible valid (1, K) models. Of considerably more inte examining those that do correspond to model this space of new (1, K) models and determine relevant features. This is, in a sense, the op use our dictionaries to determine which of th translated. We will find that not all (1, 2) m that only those possessing a maximal numbe are in correspondence with valid (1, K) models spacetime supersymmetry [3] ).
At first glance it may seem that our diction Fortunately, such a worldsheet symmetry is easy to interpret: it is responsible for a multiplicity in the number of spacetime gravitinos, so that the larger the rank of the symmetry group, the larger the multiplicity. In fact, if the rank of this worldsheet symmetry group is 10 − D (so that all internal right-moving fermions are involved, as is needed for translatability), then the number of gravitinos in the spectrum of the model is N max , where N max is given in (4.1).
The analysis needed for proving this assertion is not difficult, but varies greatly with the type of (1, 2) model-construction procedure we employ; in Appendix B we provide a proof using the free-fermion construction of Ref. [10] . We there- holomorphic factors in the partition function represent purely internal degrees of freedom. Let us therefore separate these two pieces, and write the general bosonic and fermionic partition functions from an arbitrary model as follows:
Here W b is that part of Z b whose spacetime anti-holomorphic factor is not follows. Unlike the (1, 2) models in D < 10, critical dimensions, and therefore they lack "in freedom. Thus, we expect that any dictionary sector to a K > 2 right-moving sector should tra degrees of freedom in the K = 2 sector in order to introduce twists or (super)symmetry-breaking; rather, we expect these degrees of freedom to be "frozen out", handled jointly as though they were one block. This is precisely how they appear in the dictionaries (4.35) and (4.41), and is the root of the previously encountered indistinguishability of (or symmetry relating) the internal right-moving fermions. Thus, it is indeed sensible that our (1, K) models are the analogues of the N = N max (1, 2) models, for both are the unique models in which no internal right-moving degrees of freedom are available for (super-)symmetry breakings. Note that this argument does not tell us the degree of supersymmetry for the (1, K) models themselves. However, both an examination of the individual bosonic and fermionic degrees of freedom and an overall counting of states indicate that the (1, K) strings have N = 1 supersymmetry [as distinguished from the (K, K) strings, which have N = 2 supersymmetry [3] ].
Finally, we should point out that it is also possible to build fractional superstring models which are not spacetime-supersymmetric. There are primarily two ways in which this can be done. First, it is possible to construct stringfunction expressions which are similar to A K , B K , and C K but which do not vanish; partition functions built with these expressions would then correspond only to non-supersymmetric models, and analogous dictionaries could be constructed (in the manner presented in Sect. IV) guaranteeing that such selfconsistent (1, K) models actually exist. Constructing such expressions is not difficult: of all the requirements listed after (3.27), we need only eliminate the tachyon-free constraint a n = 0 for all n < 0. Note that removal of this require-ment need not introduce spacetime tachyons which would be consistent with the
where we have explicitly indicated with subscripts the separate K = 1 spacetime and internal factors. However, it is easy to see that this method is not appropriate, for we do not expect the cancellations occurring in the full expressions A K and B K to mirror the relatively simple cancellation occurring in the K = 2 case.
Indeed, it is easy to show that no string functions for the left sides of (5. fermionic. [11] Thus, the construction of non-supersymmetric (1, K) models is in principle no more difficult than that of the supersymmetric models we have already considered, and we expect our dictionary techniques to generalize to these cases as well [though of course not yielding dictionaries similar to (5.7)].
To summarize the results of this and the previous section, then, we have succeeded in developing a method by which the partition functions of valid supersymmetric (1, K) models can be generated and their gauge groups identi- translatable, and we were thereby able to est
(1, K) models.
FURTHER DISCUSSION AND REMARKS
In this concluding section we discuss two different extensions of our results:
these are the questions of obtaining chiral fermions and achieving Lorentz invariance. We begin by investigating how chiral fermions -or more generally, chiral supermultiplets -might arise in the fractional superstring models we have been investigating. We discuss several different methods for obtaining such multiplets, one of which involves formulating or interpreting these models in dimensions less than their critical dimensions. While this might seem to spoil the original attraction of the fractional superstring approach, we find instead that such a compactification is not at all arbitrary (as it is for the traditional superstrings), but rather is required in order to achieve a self-consistent Lorentz-invariant interpretation. Indeed, we find that requiring Lorentz invariance seems to specify a "natural" dimension in which the theory must be formulated, thereby (in a unique manner) simultaneously offering a possible solution to the chiral fermion problem. We emphasize that such a "forced" compactification appears to be a feature wholly new to fractional superstrings.
Furthermore, we find that the "natural" dimension for the K = 4 string appears to be D = 4, rendering the K = 4 fractional superstring the most likely candidate for achieving chiral particle representations in four-dimensional spacetime while maintaining Lorentz invariance.
We begin by investigating how we might obtain chiral massless spacetime supermultiplets (i.e., supermultiplets which transform in a complex representation of the gauge group) in our fractional superstrings. Recall from Sect. III that The only other combination within (6.1) allow
where We then obtain, as in (6.1), the additional states
The combination For this string, we can choose to compactify two space dimensions: However, we now note that in B 4 there exists a term of the form (c Note that if such speculations are indeed c models we have constructed in this paper ha spectra, for when we interpret them in four a respectively these string theories contain world compactified. However, we expect the "dictiona in this paper to be easily generalizable to the c well.
In summary, then, although there may well exist other possible interpretations of these partition functions, we find the above speculations both tantalizing and intriguing. It is indeed fortuitous that the solution to what might have seemed a problem (i.e., finding an interpretation consistent with Lorentz invariance) also simultaneously provides a possible solution to the more phenomenological problem of obtaining models with chiral fermions. It is also strongly compelling that the quantum structure of the theory itself seems to dictate this solution. These are issues clearly worth investigating.
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APPENDIX A
In this appendix we introduce the string functions (or parafermion characters) c ℓ n , collecting together their definitions, modular transformation properties, special cases, and identities. The results quoted here are due mostly to Kač and Peterson.
[9]
The string functions are essentially the characters Z Peterson; [9] for our purposes, however, a useful due to Distler and Qiu: [15] Note that in the special K = 1 and K = 2 cases, the string functions can be expressed in terms of the Dedekind η-function (A.2) and the more familiar Jacobi ϑ-functions; these relations are given in (3.18) and (3.19). In particular, these ϑ-functions are 
85
APPENDIX B
In this appendix we demonstrate, using t construction of Ref. [10] , that any (1, 2) model with a partition function of the form Z = τ 2 −2 ∆ −1 ∆ −1/2 J β (10−D)/4 X + γ (10 has an N = N max spacetime supersymmetry,
We assume the reader to be familiar with th described in Ref. [10] , and we use the same no
It is clear that a model with partition functi metric; therefore, as discussed in Ref. [10] , its vectors W i must include the two vectors In particular, this must be true separately for spacetime bosonic and fermionic sectors (i.e., those which have αs = 1 2 , 0 respectively in the notation of Ref. [10] ). This can occur only if every other spin-structure generating vector W i has equal components for these 10−D fermions (thereby giving rise to the maximal rightmoving "gauge" symmetry discussed in Sect. V). Thus, any other spin-structure vectors W i in the generating set must have a right-moving component of the form
where each factor X is independently either (000) or (0 
